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Problem 3.24

Show that if an operator Q̂ is hermitian, then its matrix elements in any orthonormal basis satisfy
Qmn = Q∗

nm. That is, the corresponding matrix is equal to its transpose conjugate.

Solution

Suppose there’s an operator Q̂ and an orthonormal basis |e1⟩, |e2⟩, . . . , |en⟩. To find the matrix Q
representing this operator with respect to this basis, operate on each of the basis vectors with Q̂.

Q̂|e1⟩ = Q11|e1⟩+Q21|e2⟩+ · · ·+Qn1|en⟩

Q̂|e2⟩ = Q12|e1⟩+Q22|e2⟩+ · · ·+Qn2|en⟩
...

Q̂|en⟩ = Q1n|e1⟩+Q2n|e2⟩+ · · ·+Qnn|en⟩

These equations can be expressed compactly with the general formula,

Q̂|ej⟩ =
n∑

k=1

Qkj |ek⟩, 1 ≤ j ≤ n.

The aim is to solve for the matrix elements Qkj . |ej⟩ is a ket, and Q̂|ej⟩ is another ket. Take the
inner product of both sides, then, with the bra ⟨ei|, where 1 ≤ i ≤ n.

⟨ei| · Q̂|ej⟩ = ⟨ei| ·
n∑

k=1

Qkj |ek⟩

=
n∑

k=1

Qkj⟨ei | ek⟩

=
n∑

k=1

Qkjδik

= Qij

Take the complex conjugate of both sides.(
⟨ei| · Q̂|ej⟩

)∗
= Q∗

ij

Use the fact that ⟨α |β⟩∗ = ⟨β |α⟩.
⟨ej |Q̂† · |ei⟩ = Q∗

ij

If Q̂ is hermitian
(
Q̂† = Q̂

)
, then

⟨ej |Q̂ · |ei⟩ = Q∗
ij

Qji = Q∗
ij .
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